By the use of the ·generalized Thomas-Fermi method a dispersion relation for the density waves in a condensed boson system is derived. Then a discussion is given of a critical phenomenon involving the excitation of these waves by particles injected with a given velocity (v) into the system. It is shown that, provided the imaginary part of a certain admittance constant is very small, a criti,cal velocity (vc) can be defined in the same way as was discussed first by Landau; above this value of velocity the system exerts a strong resistive force (F) on the injected particles. It is also shown that, for O<x= (v-vc)fvc~1, F is proportional to v'x, if the Landau spectrum is used for the density waves ; and it is proportional to x in the plane wave approximation. § 1. Introduction A vast amount of theoretical work has been. devoted to the investigation of collective waves (mainly plasmas) in many-electron systems. These waves can be detected by observing a characteristic energy loss of charged particles injected into the systems; indeed, plasma waves in metals have been detected in this way.
A vast amount of theoretical work has been. devoted to the investigation of collective waves (mainly plasmas) in many-electron systems. These waves can be detected by observing a characteristic energy loss of charged particles injected into the systems; indeed, plasma waves in metals have been detected in this way. 1 ) A similar technique can also be used for the investigation of collective waves in other interacting many-particle systems. In fact some experimental work has been done in liquid helium four.
)
Recently, by measuring the mobility of helium ions in superfluid liquid helium, Careri et al. found a critical velocity (vc=4.5......,4.8 m/sec), above which the mobility decreases slightly (by about 10 %) but sharply. 3 l Inelastic processes involving the creation of quantized vortex lines might be responsible for this, yet no satisfactory theory exists at present to show this.
The velocity range so far investigated in this experiment is not so high as to cover the phonon-roton exc{tations. Experiments at such high velocities would be of utmost importance in investigating the properties of density waves in liquid helium. The purpose of the present paper is to give a self-consistent derivation of the dispersion relation for density waves in a condensed boson system, and to discuss with it the critical phenomenon involving the excitation of these waves by injected particles. For mathematical simplicity we shall as-sume that the system in the absence of injected particles is translationally invariant. We shall also confine ourselves to the study of irrotational motions in the system.*)
In § 2 the Thomas-Fermi method, which has been extensively used in plasma problems, will be extended to derive the dispersion relation for density waves in a many-particle system with an arbitrary two-body potential. The result will be applied in § 3 to a. condensed boson system. It will be shown that in the plane wave approximation the dispersion reduces to the Bogoliubov spectrum. 4 ) Section 4 will be devoted to the calculation of the resistive force exerted on a group of particles injected with a given velocity into the system. The formulation to be used there is familiar in plasma problems.
5 )
It will be shown that, if the imaginary part of a certain admittance constant, arising from individual particle excitations (see the details in § 3), is very small,**) we can define a critical velocity vc, above which the injected particles can radiate the density waves, resulting in a strong resistance on themselves. We shall see that Vc is the same as was given first by Landau in connection with the breakdown of superfluidity 6 ) (recently his argument was reexamined and confirmed by Fukuda et al.
)).
We shall also see that the resistance is a non-linear function of the velocity depending on the dispersion. § 2. The generalized Thomas-Fermi method
The Thomas-Fenni method, as customarily used, may be summarized as follows.***) Suppose an electric field is applied adiabatically to a many-electron system. The Hamiltonian of the system is
where H 0 ·is the total Hamiltonian in the absence of the field, ¢ (x, t) is the perturbation due to the field, Xz is the coordinate of the l-th electron, and the sum is taken over all electrons in the system. We have omitted the vector potential, which is not essential for later discussions. We further suppose that the perturbation is due to a test charge density Pt(x, t), which can be produced by, say, injecting charged particles into the system.. We assume that Pt (x, t) 1s a prescribed function of space-time. Since the systen1 is deformable, an ad-*> These two statements are probably not independent of each other. Within the framework of the method developed in this paper, we could not discuss rotational modes of motion. Thus the critical phenomenon . found by Careri et al. could not be explained with these restrictions. See also the discussion in § 5. **> Only in this case do the density waves propagate with little attenuation. ***) We believe that other methods now familiar in the many-particle problems (see, for example, the review book by D. ThoulessB>) would lead, after a relevant procedure, to essentially the same results as those obtained in this paper. We have chosen the Thomas-Fermi method, because this seems to allow the most compact application to the present problems. ditional charge density which we shall denote by Pi (x, t) is induced. The total charge density to be related to ¢ ( x, t) comprises Pt ( x, t) and Pi ( x, t) . These functions represent semi-macroscopic quantities. Now the Thomas~ Fermi n1ethod assumes a linear relationship between¢ (x, t) and p (x, t) = Pt (x, t) +Pi (x, t); namely,
.;
with V(x-x') being a kernal, the coulomb potential. We have neglected the retardation effect; this would be permissible when p (x, t) is a sufficiently slowly varying function of time. Pi (x, t) can be calculated with the aid of the statistical mechanical theory (see later). Thus (2 ·1) and (2 · 2) are enough to determine Pi (x, t) in terms of Pt (x, t). It is convenient to introduce the Fourier components through
with S2 being the volume of the system. Following Kubo, 9 > we suppose that w contains a small imaginary part to make Lim ¢(x, t) =Lim p(x, t) =0.
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Then (2 · 2) reduces to
Clearly the above argument is not limited to the coulomb interaction case. Equation (2 · 2), or (2 · 4), in general may be explained by the concept of the time-dependent Hartree approximation.*> Let us consider a many-particle system with an arbitrary two-body potential V (x) and total Hamiltonian H 0 • Then suppose that a group of particles, which are of the sarnc kind as those in the system, is injected into the system.
If the unperturbed system vvere non-deformable against the perturbation, the interaction between the injected particles and the l-th particle of the unperturbed system is
where xm(t) is the coordinate of the m-th injected particle, and the sum with respect to m is taken over all injected particles, whose trajectories are assumed *) This subject has been studied particularly by E. P. Gross, and applied by him to a weakly interacting boson system at absolute zero of temperature.lO) In the coulomb interaction case Eq. (2·2) is a direct consequence of the Maxwell equation.
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to be known. The quantity ~exp {-i!Cxm (t)} IS a prescribed function written m as ~Pt (", w) exp (-iwt) . Since the system is actually deformable, we must add ., to this an induced particle density. This can be obtained as follows. The interaction between particles, excluding the injected ones, is given by (2Q) -
1~'
• l, 1' V (!C) exp {i" (xz-x/)}. Now we take a statistical average of the density of all particles except the l-th one. Then the average potential for this particle is
where the bar means the statistical average, N is the number of particles m the unperturbed system, and we have assumed an isotropic potential. Putting
and adding to this the Pt (!C, w) -term, we obtain (2 · 4) as the effective potential. This procedure neglects a certain exchange interaction and the fluctuation of the quantity ~exp {-iiCXz} around its average value. Let us now determine Pi (", w) in the linear approximation in Pt ( ", w) by means of the Kubo formalism.
>
Equations (2 ·1) and (2 · 4) lead to _
with n (!C) being the density operator
The equation of motion for the density matrix of the system, f(t), IS
where fo is the density matrix of the unperturbed system, satisfying [Ho, fo] = 0, and / 1 (t) is the linear change, we have
The solution is dt' e-iwt'
Downloaded from https://academic.oup.com/ptp/article-abstract/31/3/399/1899571 by guest on 13 December 2018 Following (2 · 5), we obtain (note the translational in variance of Ho)
Solving (2 · 7) for Pi (IC, w) with the aid of (2 · 4), we find
The denominator of (2 · 9) represents the screening factor, the second term of it being the admittance constant mentioned before. In the following it will be assumed that this constant, which is defined here for real/C and w, can be continued analytically in a proper way into the complex plane of each variable. When we put Pt(IC, w) =0, non-trivial solutions for Pi(IC, w) exist only if we have (2 ·10) which is the dispersion relation for the density waves. When V (IC) represents the coulomb potential, (2 ·10) agrees with the well-known dispersion relation for plasmas.
)
Since we have
where the superscript* means the complex conjugate, it is easily seen from (2 · 9) that we also have (2 ·11) as expected.
When injected particles are of a different kind from those in the unperturbed system, (2 · 9) is replaced by The screening factor generally contains an imaginary part. Such a complex potential is known empirically in nuclear physics as an optical potential. § 3. Application
We now apply the dispersion relation (2 ·10) to a condensed boson sytem. First of all we assume that the unperturbed system can be described consistently in terms of a quasi particle picture. Following Landau 6 ) we regard the wave vector k as a quantum number specifying the state of the quasi particle. Thus in the number representation we have (3 ·1) with Ek being the energy of the quasi particle of wave vector k, and ak* and ak being respectively the creation and annihilation operators of the quasi particle, satisfying the usual commutation rules. n (~e) defined by (2 · 6) is written as n (~e)= L a%<1.:/ exp (i~ex) /l.:')ak'.
kk'
We take fo to be the grand canonical distribution function
with and with {3 and /l defined as usual.
Then Eq. (2 ·10) leas to
1n which fn(E,.) is the Bose-Einstein distribution function*)
At absolute zero of temperature Eq. (3 · 2) is simplified to *) Ek would be a functional of fB (EJ.·). In that case it is assumed that Eq. (3 · 3) has been solved for Ek (see reference 7), section 68).
where we have assumed that all bosons are condensed to the state lr= 0 with E"" = 0. Equations (3 · 2) and (3 · 4) are the dispersion relations for the density waves in the quasi particle representation. Thus a detailed knowledge of the representation is required before one gets from (3 · 2) or (3 · 4) a definite conclusion on the dispersion. For illustration, however, two simple cases will be considered.
[I] Dispersion in the plane wave approximation In the plane wave representation we have the selection rule 
)).
It is interesting to see that, when V (tc) represents the coulomb potential, (3 · 6) gives the plasma frequency for small tc. This means that density waves in a condensed, charged boson system are plasma-like. The same conclusion has been obtained by Ninham by the use of the method of selective series summation in the perturbation expansion.
)
It is remarkable that the imaginary part of the left-hand side of Eq. (3 · 4), which represents the attenuation of the density waves, vanishes, because, roughly speaking, it is impossible for condensed particles to satisfy both the nwmentum and energy conservation laws implied by Eq. (~ · 5) and by the delta function in Eq. (3 · 4) respectively. It 1nay be shown that the dispersion relation (3 · 6) is rigorous in the limit of weak interaction.
[2] Dispersion in the energy gap model If, as has been discussed by some previous authors,
an energy gap L1 exists between the ground and excited states in such a way that we have
with E~;-, being a continuous function of !.:, a remarkable dispersion can be ex-
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As direct inspection of Eq. (3 · 4) shows, flU) must always be larger than J. Thus the dispersion would be quite different from that of ordinary sound waves, as is shown in Fig. 1 . However, we have no experimental indication for this effect at least for the temperature and frequency ranges so far investigated. § 4. Calculation of radiative resistance Suppose a group of particles is injected with a given velocity v into a condensed boson system. For simplicity we shall consider only the case of absolute zero of temperature. Let the trajectories of these particles be given classically. Thus we have, in the Born approximation,
Pt(x, t) =o(x-vt)
When the injected particles are of the same kind as those In the unperturbed system (this does not limit the generality of the results), the resistive force on each injected particle is given by
or, if the statistical average is taken of the quantity ~ exp (i!Cxz), it takes the
Substituting (2·9) with Pt(IC, ())) given by (4·2) into the above expressiOn, we obtain 
where the relation (2 ·11) has been used. Let real quantities X(~e, o>) and Y(tc, cu) be introduced through ) the ratio of wavelength to attenuation constant has been shown to be less than 10-2 , indicating that Y(tc, (J)) is very small for these ranges. For concreteness, we shall assume that it is small also for those ranges of temperature and frequency (T,.._.O °K, (J):S10
)
which are essential for later discussions. If this should not be the case, the generally accepted phonon-roton picture has only limited validity. Since the equation X (tc, (J)) = 0 is just the dispersion relation for density waves with no attenuation, Eq. ( 4 · 6) implies that, in the linear approximation, the resistance force arises only when the injected particles can radiate the density waves (this statement should be read with due reserve, because it is strictly valid only when we have the selection rule (3 · 5)). A similar argument is familiar also in the theory of plasma excitation by charged particles. 
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The right-hand side of the above formula will be calculated 1n the following two cases:
[I] Landau spectrum In the first place let us consider the case in which the dispersion · takes the form proposed by Landau (see Fig. 2 ) .
)
Since the system is isotropic, (F)av has only a component parallel to v. Introducing polar coordinates with v being the polar axis, and carrying out the integration over the solid angle, we obtain (4·8) 0 otherwise, where tc 1 and /C2 are determined by the inequality This is just Landau's criterion for the breakdown of superfluidity., We can define as usual the critical wave number tee, as is shown in Fig. 2, and Density waves in a condensed boson system under somewhat idealized conditions were investigated within the same framework that has been used in plasma problems. Discussion was given of a critical phenomenon involving the *) The kinetic energy of helium atom of velocity v 8 is of the order of 10-3 ev, which is too small to give rise to any real change in internal electronic structure of the atom. excitation of these waves by injected particles. It was shown that the two conditions must be satisfied for this phenomenon:
I. The low-lying excitations must have a phonon-like spectrum. II. Y(!C, w) must be small. The first condition has already been pointed out by Landau. The physical meaning of the second condition is obvious.
The critical velocity obtained is too large to explain the experimental results of Careri et al. in superfluid liquid helium (the velocity distribution of injected particles is not known in their experiment). A similar disagreement has been experienced in connection with the breakdow:n of superfluidity. Attention has been called to the possibility of explaining this in terms of quantized vortex lines.
19 )
The same argument as used there might be suggested to explain the present disagreement. However, no detailed theory has ever been given of the mechanism of the vortex line excitations, though some preliminary work has been done by Pitaevskii, 20 ) Fetter, 21 > and Gross. 10 > Thus it would be worth while to extend the treatment of the present paper to the same problem in a system which is not translationally invariant (the mathematics associated with this problem would be much more complicated). On the other hand it would be suggestive anyway to make experimental investigation at high enough velocities to cover the phonon-raton excitations.
A mention should finally be made that the present theory, like most previous ones, is not elaborate enough to discuss the most important question : Can any anomalous behaviour be expected to occur at the lambda point of liquid helium four? Some discussion can, however, be given in the plane wave approximation. With the aid of Eq. (3 · 2) the temperature dependence of the dispersion can be studied, but the theory does not explain the experimental results. In the first place Eq. (3 · 2) does not give the maximum in sound velocity, observed by Whittney and Chase at T,......., 0.66 o K.
In the second place it gives a maximum at the lambda point instead of the experimentally found m.inimum.
>

